Abstract. We use the representation theory of N = 2 superconformal algebra to study the elliptic genera of Calabi-Yau (CY) D-folds. We compute the entropy of CY manifolds from the growth rate of multiplicities of the massive (non-BPS) representations in the decomposition of their elliptic genera. We find that the entropy of CY manifolds of complex dimension D behaves differently depending on whether D is even or odd. When D is odd, CY entropy coincides with the entropy of the corresponding hyperKähler (D − 3)-folds due to a structural theorem on Jacobi forms. In particular, we find that the Calabi-Yau 3-fold has a vanishing entropy. At D > 3, using our previous results on hyperKähler manifolds, we
Introduction
The N = 2 superconformal algebra (SCA) is a basic tool in the world-sheet analysis of string compactifications on Calabi-Yau (CY) manifold with complex dimension-D. It is well-known that in N = 2 SCA there exist two types of representations: BPS (massless) and non-BPS (massive) representations. BPS representations appear when the conformal weight h of their highest-weight state hits the unitarity bound Such an analysis has been done for the case of hyperKähler manifolds [11, 12] based on earlier works on the representation theory of the N = 4 superconformal algebra [13, 14, 15, 16] . It was pointed out that the predicted entropy of hyperKähler manifolds coincides with that of the standard D1-D5 black hole [6, 34] when we consider the symmetric product of K3 surfaces. See Ref. 38 for a similar idea. We also note that the expansion of elliptic genera in terms of theta functions has been discussed in Ref. 7 .
A key in our analysis is the fact that the characters of the BPS representations are the mock theta functions which were first introduced by Ramanujan (see, e.g., Refs. 1, 9, 18). We rely on recent developments [3, 40] on the understanding of the mock theta function (see Refs. 28, 39 for review): namely, the mock theta function is a holomorphic part of the harmonic Maass form, and that it has a vector-valued modular form with weight-3/2 as its "shadow". This paper is organized as follows. In Section 2 we review the characters of the N = 2 superconformal algebra and the elliptic genera of the CY manifolds. We make an extensive use of Jacobi forms, whose properties are collected in Appendix. Decompositions of the elliptic genera for the CY manifold are studied in Sections 3 and 4. We treat the odd-dimensional CY manifolds in Section 3. We notice the close relationship between the characters of N = 2 and N = 4 SCA in this case and Gritsenko's result on the space of Jacobi forms. It turns out that the entropy of CY D-folds coincides with the entropy of the corresponding hyperKähler manifolds in (D − 3)-dimensions. In particular the entropy of CY 3-folds vanishes identically. In Section 4 we discuss the even-dimensional CY manifolds. Adopting the same strategy as in our previous paper [12] , we compute the entropy by use of the Poincaré-Maass series and obtain the result
The last section is devoted to concluding remarks.
N = 2 Superconformal Algebras and Elliptic Genera
2.1. N = 2 Superconformal Algebras. The N = 2 superconformal algebra with the central charge c = 3D is a fundamental tool studying the compactification of string theory on Calabi-Yau manifold CY D with complex dimension D. It is well-known that there exists an isomorphism [31] of the algebra,
where α ∈ Z/2. Ramond and NS sectors are exchanged when α ∈ Z + 1 2
. For our purpose of studying string compactification, we need the extended N = 2 SCA which is invariant under the integral spectral flow α ∈ Z. Odake discussed such series of extended SCA's by adding spectral flow generators to the standard N = 2 SCA [24, 25, 26] .
The highest weight state in the extended N = 2 SCA are labeled by conformal weight h and U(1) charge Q;
In the Ramond sector, due to a relation between zero-modes of the supercurrents, {G
, we have the unitarity condition
Characters are defined by 4) where * denotes the spin structure, and H * is the Hilbert space of the representation. Under the spectral flow (2.1), the characters in the Ramond/NS sectors are transformed to each other as;
Here the phase factor in the R-sector is our convention.
By construction, the superconformal character (2.4) is given by the irreducible characters of N = 2 SCA [8, 21] summed over spectral flow. This fact can be directly checked in the work of Refs. 25, 26. In the Ramond sector, characters are given explicitly as follows. Here the U(1) charge takes values
• massless (BPS) representations:
and for h = (z = 0; τ ) = (−1) , a massive character decomposes into a sum of massless characters as 12) where Q ≥ 0, and
,Q=−( 14) where (−1) F = e πi(J 0 −J 0) . Due to the supersymmetry, only the ground state contributes in the right-moving sector, and the elliptic genus is independent of q. It is known [20] that the elliptic genus is the Jacobi form with weight-0 and index-
. See Appendix B for the definition of the Jacobi form.
The elliptic genus is related to the topological invariants of manifolds. We have 
Calabi-Yau Manifolds: Odd-Dimension
We study odd-dimensional Calabi-Yau manifolds CY D (D = odd) throughout this section. The U(1) charge is Q ∈ Z + 
where [12] , is the isospin-0 massless character in c = 6 k N = 4 SCA [14, 15, 16] . φ 0, 
where Q > 0, and B N =4
k,a (z; τ ), defined in (F.1), is the basis of massive characters in N = 4 SCA [12] . So both the (even-z part of) N = 2 massless and massive characters coincide with those of N = 4 SCA up to the Jacobi form φ 0, and is an even function of z because of (B.1). Now there exists a structural theorem on the space of Jacobi forms with half-integral index J 0,
This space is isomorphic to the space J 0,
In view of the relationship (3.1), (3.2) and the above theorem (3.3), we can conclude that the character decomposition of the elliptic genus of the Calabi-Yau D-fold is essentially the same as that of the hyperKähler manifolds with complex dimension-(D − 3), which was studied in our previous paper [12] .
Let us consider the case when the elliptic genus Z CY D (z; τ ) includes a piece
The above combination contains the identity representation in the NS sector and gives the dominant contribution to the entropy. Using the results of Ref. 12 we can derive the entropy of CY manifolds S CY D from the increase in the multiplicity of massive representations with
The elliptic genus of the Calabi-Yau 3-fold CY 3 is given by [19, 20, 23 ]
where χ CY 3 is the Euler number of CY 3 .
With a help of (3.1) we have ch R D=3,h= 3 8 ,Q=
which proves a simple decomposition formula for the elliptic genus,
There is no contribution from the massive representations in this decomposition, and we conclude that the entropy of the CY 3-fold vanishes identically,
The elliptic genus of the Calabi-Yau 5-fold CY 5 is 
Here the positive integers A n are given by the Rademacher expansion as
where
is the Legendre symbol, and I k (x) denotes the modified Bessel function,
Since N = 2 characters coincide with those of N = 4 up to a factor φ 0, 3 2 , the character decomposition of (3.9) becomes exactly the same as in (3.10). We conclude that
Calabi-Yau Manifolds: Even-Dimension
Let us next study the even-dimensional Calabi-Yau manifolds CY D . D is even throughout this section. The U(1) charge is integral Q ∈ Z. We follow the method of Ref. 12 to construct the character decomposition of the elliptic genus.
Massless and Massive
Characters. For notational simplicity we set C D (z; τ ) as the massless character with U(1) charge-0,
It is identified as
where f D (u, z; τ ) is the Appell function defined in (E.1). Appell function undergoes a modular transformation with a Mordell's integral (E.2) and is thus a typical mock theta function. One can cure its modular property by the process of completion [40] . By using (E.3), we define the completion
where ϑD−1 2 ,a (z; τ ) is a (modified) theta series defined as (A.5), and RD ; τ is invariant under a → D − a).
One finds that C D (z; τ ) is a real analytic Jacobi form satisfying
We note that the shadow [39] , a weight-3/2 vector modular form, of our system of mock theta functions is given by
The theta series ϑD−1 2 ,a (τ ) (A.5), which is a basis for Jacobi form with index
, may be regarded as the massive characters (2.7) up to a prefactor;
Combining the theta series, we define the basis functions as
Note that ϑD−1
,a (−z; τ ) and B D,a (z; τ ) is an even-function of z with a 2nd order zero at z = 0. One has
Thus they describe the even-z part of the massive characters.
They form a set of vector-valued Jacobi forms satisfying
By using (A.8), the latter two identities are summarized as
(4.10)
Harmonic Maass Forms and Elliptic Genus.
By choosing a set of coordinates on the torus,
, we define functions J D (z; w 1 , . . . , w D
2
; τ ) as 13) where the matrix B D is defined by
We note that We note that and use the notation w (k 2 ,k 3 ,k 4 ) ,
it is possible from the above conditions (4.16), (4.17), (4.18) to show that
where and can be expanded in terms of B D,a (z; τ ). This is because a function
, which is a real analytic Jacobi form with weight-1 and index-
, can be expanded in terms of ϑD−1 2 ,a (z; τ ) as discussed in (C.3). We have
,a (z; τ ), which reduces to
By taking the holomorphic part, we obtain a character decomposition of the elliptic genus
where the function Σ D,a (τ ) is computed by the Fourier integral
with an arbitrary z 0 ∈ C. Since B D,a (z; τ ) is (the even part of) massive characters, the integral Fourier coefficients of Σ D,a (τ ) denotes the multiplicities of the massive representations.
We note that the lowest power q
corresponds to the unitarity bound, and that it decomposes into a sum of massless characters as (2.12) and (2.13),
,Q=ε(a−1) . Because of the transformation formula (4.10) of B D,a (z; τ ), transformation law of the functions Σ D,a (τ ) is determined as
where the multiplier system χ(γ) is given by
2 a c πi−2πi We construct a solution of above differential equations (4.26) using the Poincaré-Maass series P D,a (τ ) [3, 4] . We note that the polar part of P D,a (τ ) has the form of
The Fourier coefficients p D,a (n) of polar parts are fixed from (4.22) once the elliptic genus Z CY D (z; τ ) is given. For instance, if the elliptic genus is given by a Jacobi form
+ other 5 terms obtained by permutations , (4.28) where
and without loss of generality k 2 ≥ k 3 ≥ k 4 , we find that 
, 3 4 (γ(τ )) , (4.30) where Γ ∞ is the stabilizer of ∞, 2 is divisible either by 64 p 2 with odd prime p, or by 4 (p p ′ ) 2 with distinct odd primes p and p ′ , due to the Serre-Stark theorem [33] .
The holomorphic part is thus given by
Following the same analysis with our previous paper [12] (see Ref. 4 for a general treatment), we can compute the coefficients p D,a (n) as
We mean a = d −1 mod c in the summand.
Since the Fourier coefficients of theta series stay constant, they are negligible as compared with p D,a (n) which increases exponentially at large n. The dominant terms at large n read as
One finds that the exponential growth of p D,a (n) is determined by the maximum value a 2 such that p D,a 2 (0) = 0. As in the case of hyperKähler manifolds, p D,
(0) is non-zero when the elliptic genus Z CY D (z; τ ) includes a Jacobi form
as we see from (4.29) . In this case we conclude from (4.35) that the entropy S CY D from the U(1) charge-Q is given by
4.5. Examples.
It is known that in this case the U(1) current algebra is enhanced to a level-1 affine SU(2) current algebra, and that we have N = 4 SCA [14, 16] . CY 2 is either a complex 2-tori or K3 surface. The elliptic genus for the former vanishes. In the latter case, we have Z K3 (z; τ ) = 2 φ 0,1 (z; τ ), and its character decomposition (3.10) was studied in detail in Ref. 11. Our result (4.33) for D = 2 indeed reproduces multiplicities A n (3.11).
4.5.2.
Calabi-Yau 4-folds CY 4 . The dimension of the space of Jacobi forms J 0,2 is two, and we set the bases of the Jacobi forms as [10, 12] 
The Eichler-Zagier bases are given by
In order to derive the character decomposition of these Jacobi forms, we use (4.22) and find explicit results (we use ζ = e 2πiz for brevity). 
Fourier coefficients in the above expressions give the multiplicities of massive representations, and we obtain the character expansion In Tables 1 and 2 , we confirm numerically that the Poincaré-Maass series (4.33) reproduce the above Fourier coefficients in (4.40) and (4.41) accurately, when we set (p 4,1 (0), p 4,2 (0)) to be (−5, −1) and (−1, 0), respectively. We plot in Fig. 1 in the character decomposition of Z X (z; τ ) = 64
(4.44)
We note that these bases are related to the Eichler-Zagier bases [17] by    For these Jacobi forms, we have character decompositions as follows; We have checked numerically that the Poincaré-Maass series (4.33) generates the above multiplicities of the massive representations quite accurately, when we set the polar part (p 6,1 (0), p 6,2 (0), p 6,3 (0)) to be (−22, −7, −1), (−9, −1, 0), and (−1, 0, 0), respectively.
Concluding Remarks
We have computed the entropy of the Calabi-Yau D-folds by use of the Poincaré-Maass series. We have found that, when D is odd, the entropy coincides with that of the hyperKähler manifolds with a complex (D − 3)-dimension. Especially the entropy of the Calabi-Yau 3-folds vanishes identically. It will be interesting to provide physical intepretation of this result.
In summary, the entropy of Calabi-Yau D-folds is given by
, when D is odd,
when D is even. Throughout this paper, we set q = e 2πiτ with τ in the upper half plane, τ ∈ H.
A.2. Theta Function. We define the theta function for D ∈ Z and a mod D by
We have
For our notational convention, we introduce another set of theta series ϑD−1 2 ,a (z; τ ) for
We see that The former is a standard result (see, e.g., Ref. 17) , and the proof is as follows. In the case of an integral index-m ∈ Z, the Jacobi form is periodic f (z + 1; τ ) = f (z; τ ), and we have the Fourier expansion f (z; τ ) = n∈Z e 2πinz q n 2 4m Σ n (τ ), where the prefactor is for our convention. Then the function Σ a (τ ) is given by (C.2). Using f (z + τ ; τ ) = q −m e −4πimz f (z; τ ) in the integrand, we obtain Σ a (τ ) = Σ a+2m (τ ) which gives (C.1).
In the same manner, we can prove the case (b). When the index m is half-odd integral m ∈ Z + 
